In this paper, a fuzzy general linear method of order three for solving fuzzy Volterra integro-differential equations of second kind is proposed. The general linear method is operated using the both internal stages of Runge-Kutta method and multivalues of a multisteps method. The derivation of general linear method is based on the theory of B-series and rooted trees. Here, the fuzzy general linear method using the approach of generalized Hukuhara differentiability and combination of composite Simpson's rules together with Lagrange interpolation polynomial is constructed for numerical solution of fuzzy volterra integro-differential equations. To illustrate the performance of the method, the numerical results are compared with some existing numerical methods.
Introduction
Fuzzy differential equations (FDEs) and fuzzy integral equations (FIEs) have been extensively studied in the past few years. They have appeared in many applications such as fuzzy matric spaces, population models, medicine, engineering problems, and others (see [1, 2] ). In the treatment of FDEs, one of the approaches was by using the definition of Hukuhara differentiability (see [3, 4] ). However, the Hukuhara differentiability experienced a disadvantage in its solutions. To overcome this, generalized Hukuhara differentiability was introduced by Bede and Gal in [5] . In the area of FIEs, the Rieman integral concept was proposed by Goetschel and Voxman in [6] . Another concept of integration is the Lebesgue concept by Kaleva in [7] . An early work in the numerical solutions of FDEs and FIEs is by Friedman et al. in [8] . Later, the area of interest in FIEs has been expanded into the fuzzy integro-differential equations (FIDEs). FIDEs take the form of both FDEs and FIEs. A particular class of FIDEs is known as fuzzy Volterra integro-differential equations (FVIDEs). The existence and uniqueness of FIDEs and FVIDEs solutions were investigated by Park and Jeong in [9] , Hajighasemi et al. in [10] , and Zeinali et al. in [11] . Mikaeilvand et al. in [12] presented the numerical examples of FVIDEs using the differential transform method. In [13] , Allahviranloo et al. proposed a new technique to solve the FVIDEs using definition of generalized differentiability. Later, Allahviranloo et al. in [14] discussed the existence and uniqueness of second-order FVIDEs using the fuzzy kernel. Then Matinfar et al. in [15] solved the FVIDEs using the variational iteration method while Sahu and Saha Ray used Legendre wavelet method in [16] .
In this work, we propose the numerical solutions of FVIDEs using the general linear method (GLM) introduced by Butcher in [17] . The GLM is a generalization of Runge-Kutta method (RK) and linear multistep method derived based on theory of B-series and definition of rooted trees. Recently, the GLM was studied for finding the numerical solutions of FDEs by Rabiei et al. in [18] and based on that, in this paper we develop the fuzzy third-order GLM together with suitable integration method to solve FVIDEs.
In Section 2, preliminaries on fuzzy numbers and theories are proposed. The concept of FVIDEs is discussed in Section 3. In Section 4, the general form of GLM is given followed by demonstration of the integration rules in Section 5. Then in Section 6, fuzzy version of the GLM combined with integration rules for FVIDE is developed while in Section 7, we derived the fuzzy RK method for FVIDEs using the same approaches used for GLM in Section 6. Section 8, some test problems are carried out to illustrate the efficiency of obtained method compared with a derived fuzzy RK method of order three in Section 7. Lastly, discussion and conclusion are presented in Section 9.
Preliminaries
In this section, some basic definitions on fuzzy numbers are given.
Definition 1 (see [19] ). Consider a fuzzy subset of the real line u : R → [0, 1]. Then u is a fuzzy number if it satisfies the following properties:
u is compactly supported, that is cl{x ∈ R; u(x) > 0} is compact, where cl(A) denotes the closure of the set A.
Then R F is called the space of fuzzy numbers.
Definition 2 (see [19] ). For 0 < r ≤ 1, we have
[u] r = {x ∈ R; u(x) ≥ r}, and
Then the [u] r denotes the r-level set of the fuzzy number u. The 1-level will refer to the core while the 0-level refers to the support of the fuzzy number.
Proposition 1 (see [19] ). A fuzzy number u is a pair u = (u − , u + ) of functions u − , u + : [0, 1] → R, implying the end points of r-level set, following the conditions:
u − r ∈ R is a bounded nondecreasing left-continuous function ∀r ∈ [0, 1] and right-continuous for r = 0; (ii) u + r ∈ R is a bounded nonincreasing left-continuous function ∀r ∈ [0, 1] and right-continuous for r = 0;
Definition 3 (see [19] ). Let u, v ∈ R F , the distance D(u, v) between two fuzzy intervals is defined by
Then D ∞ (u, v) is the Hausdorff distance between fuzzy numbers.
Proposition 2 (see [19] ). It is said that D ∞ (u, v) is a metric space in R F and the following properties hold:
Definition 4.
A function f : R → R F is said to be fuzzy continuous function if f exists for any fixed arbitrary g 0 ∈ R and ε > 0,
Definition 5. Let x, y ∈ R F . If there exists z ∈ R F such that x = y ⊕ z, then z is called the Hukuhara difference (H-difference) of x and y and it is denoted by x y. (Please note that, x y = x + (−y)).
Definition 6 (see [5] ). Let f : (a, b) → R F and x 0 ∈ (a, b). f is known as strongly generalized differentiable at x 0 , if there exists an element f (x 0 ) ∈ R F such that
is type-(ii)-differentiability on (a, b),
Theorem 1 (see [20] 
given that in metric D, the limit exists. The definite integral of fuzzy function f (t) exists, if f (t) is continuous function in metric D, and
Fuzzy Volterra Integro-Differential Equations
Consider the first order fuzzy initial value problems of second kind FVIDEs given by
and in short notation is given as
where function f : R × R F → R F , crisp function K(t, s) are continuous and y 0 is a fuzzy number. Using Theorem 1, and extending the characterization theorem in [19] , FVIDE given in (4) for type (i)-differentiability is equivalent to the following system of ODEs:
and for type (ii)-differentiability FVIDE (4) is equivalent to the system of ODEs as follows:
where
General Linear Method
Consider the first order initial value problems
The general form of GLM (see [17] ) is given as
where n is the step number, y
[n]
i , i = 1, 2, . . . , r are the approximate solutions, Y i , i = 1, 2, . . . , s is the stage values and F i , i = 1, 2, . . . , s is the stage derivatives.
The algebraic coefficients a, u, b, and v of the proposed method here, are given from Rabiei et al. in [18] as shown in Table 1 . u 32 = −8
Simpson's Rule and Lagrange Interpolation Polynomial
In the FVIDE, the integral operator z ≈ t 0 K(t, s)y(s)ds need to be approximated first before applying the third-order fuzzy GLM. The range of integration is divided into two intervals as shown below.
where the grid points are calculated by t n = t 0 + nh with h = T−t 0 N and 0 < n < N. The value c is the value of coefficient for third-order GLM given in Table 1 .
The composite Simpson's rule (Simpson's II method defined in [21] ) is used to compute the integration in the interval t n 0 K(t, s)y(s)ds. Meanwhile we compute the integration in the interval t n+c t n K(t, s)y(s)ds using Lagrange's interpolation method. The Lagrange interpolating polynomial is determined by interpolating on set of points {t n−1 , t n , t n+c }. For points {t −1 , t 0 , t 1 2 } the Lagrange interpolating polynomial is:
Substituting t −1 = −h, t 0 = 0, and t 1 2 = 1 2 h into (11) gives
Then integrate Equation (12) with limit from 0 to h 2 , to produce
In the first step where n = 0, the value of y(t −1 ) = y(t 0 − h) is evaluated by using a fourth order RK method.
Fuzzy General Linear Method for Fuzzy Volterra Integro-Differential Equations
Rabiei et al. [18] proposed the fuzzy GLM for solving FDEs. The convergence of the method also was proven. Here, by using the third-order GLM derived in [18] , we will apply the fuzzy GLM for solving FVIDEs. Consider the fuzzy Problem 4, we denote the initial value y 0 ∈ R F with r-level sets
The set of equally spaced grid points t 0 < t 1 < t 2 · · · < t N = T is a set of interval T. The exact solutions are given as
are approximated by
The grid points are calculated by t n = t 0 + nh with h = T−t 0 N and 0 < n < N. Thus, we have the exact and approximate solutions at t n set as
[y(t n )] r = [y − (t n ; r), y + (t n ; r)].
The third-order fuzzy GLM for solving FVIDEs based on type (i)-differentiability is given by the formulae:
Y − 3 (y(t n ; r)) = a 31 hF 1 (t n , y(t n ; r), z(t n ; r)) + a 32 hF 2 (t n , y(t n ; r), z(t n ; r)) + u 31 y − 1 (t n ; r) + u 32 y − 2 (t n ; r), Y + 3 (y(t n ; r)) = a 31 hG 1 (t n , y(t n ; r), z(t n ; r)) + a 32 hG 2 (t n , y(t n ; r), z(t n ; r)) + u 31 y + 1 (t n ; r) + u 32 y + 2 (t n ; r),
and
Meanwhile the fuzzy third-order GLM for solving FVIDEs based on type (ii)-differentiability is given by the formulae:
where Y − 1 (y(t n ; r)) = u 11 y − 1 (t n ; r) + u 12 y − 2 (t n ; r), Y + 1 (y(t n ; r)) = u 11 y + 1 (t n ; r) + u 12 y + 2 (t n ; r), Y − 2 (y(t n ; r)) = a 21 hG 1 (t n , y(t n ; r), z(t n ; r)) + u 21 y − 1 (t n ; r) + u 22 y − 2 (t n ; r), Y + 2 (y(t n ; r)) = a 21 hF 1 (t n , y(t n ; r), z(t n ; r)) + u 21 y + 1 (t n ; r) + u 22 y + 2 (t n ; r),
Y − 3 (y(t n ; r)) = a 31 hG 1 (t n , y(t n ; r), z(t n ; r)) + a 32 hG 2 (t n , y(t n ; r), z(t n ; r)) + u 31 y − 1 (t n ; r) + u 32 y − 2 (t n ; r), Y + 3 (y(t n ; r)) = a 31 hF 1 (t n , y(t n ; r), z(t n ; r)) + a 32 hF 2 (t n , y(t n ; r), z(t n ; r)) + u 31 y + 1 (t n ; r) + u 32 y + 2 (t n ; r),
where F 1 , F 2 , F 3 , G 1 ,G 2 and G 3 are same as (22).
Fuzzy Runge-Kutta Method for Fuzzy Volterra Integro-Differential Equations
In this section, we will develop the fuzzy version of third-order RK method to solve the FVIDEs. The RK method is combined with suitable integration methods to deal with the integral part. It is appropriate to apply the composite Simpson's rule and Lagrange's method in Section 5 similarly. The coefficients (see [22] ) for RK method is represented in Table 2 . The general form of RK method for solving Equation (7) is given by
where Table 2 . Coefficients of third-order RK method.
The formulae of a third-order RK method for FVIDEs based on type (i)-differentiability is given as follows: y − (t n+1 ; r) = y − (t n ; r) + hF(t n , (y(t n ; r))),
y + (t n+1 ; r) = y + (t n ; r) + hG(t n , (y(t n ; r))),
while for type (ii)-differentiability is given as:
y + (t n+1 ; r) = y + (t n ; r) + hF(t n , (y(t n ; r))),
where F(t n , (y(t n ; r))) = B 1 k − 1 (y(t n ; r)) + B 2 k − 2 y((t n ; r)) + B 3 k − 3 (y(t n ; r)) , G(t n , (y(t n ; r))) = B 1 k + 1 ((y(t n ; r)) + B 2 k + 2 (y(t n ; r)) + B 3 k + 3 (y(t n ; r)) ,
where k − 1 (y(t n ; r)) = min f (t, u, v)|u ∈ [y − (t n ; r), y + (t n ; r)], v ∈ [z − 1 (y(t n ; r)), z + 1 (y(t n ; r))] ,
such that w − 1 (t n ; r) = y − (t n ; r) + hA 21 k − 1 , w + 1 (t n ; r) = y + (t n ; r) + hA 21 k
(36)
Numerical Results
We tested the fuzzy GLM to illustrate the efficiency of the method. Comparison is made between fuzzy versions of GLM and the RK method, Variational iteration method and homotopy perturbation method. The efficiency of method is shown in terms of error which is estimated by E(t; r) = |y(t; r) − Y(t; r)| and E(t; r) = |y(t; 
Problem 1
Consider the following FVIDEs (see [15] )
The equivalent system of ODEs based on (i)-differentiability: For Problem 1, the graphical results of GLM together with exact solutions are shown in Figure 1 . The comparison of numerical results of GLM with existing methods is given in Table 3 and Figure 2 . 
Problem 2
Consider the following FVIDEs (see [12] )
The equivalent system of ODEs based on (i)-differentiability: 
For Problem 2, the graph of approximate solutions and 3D-plot of GLM are represented in Figure 3 . Table 4 and Figure 4 , show the numerical results using GLM compared with RK method. 
Problem 3
Consider the following FVIDEs (see [23] )
Exact solutions based on (i)-differentiability:
Y − (t; r) = −rt sin(t) + (2 − r) cos(t) + 2(r − 1)(exp(t) + exp(−t)),
The equivalent system of ODEs based on (ii)-differentiability: Exact solutions based on (ii)-differentiability:
For Problem 3, the graph of approximate solution compared with exact solution is given in Figure 5 . Also the numerical results of GLM are compared with RK method using the both types of differentiabilities. The comparison of obtained results based on type (i)-differentiability are presented in Table 5 and Figure 6 whereas the results obtained based on type (ii)-differentiability are given in Table 6 and Figure 7 . 3D-plots of GLM based on types (i) and (ii)-differentiability are shown in Figure 8 . 
Discussion and Conclusions
Using the fuzzy GLM and fuzzy RK derived in this paper, the three FVIDEs given in Problems 1-3 are solved and the numerical results are shown. In addition, the obtained numerical results are compared with two other existing methods, variational iteration method and homotopy perturbation method, for Problem 1 at t = 0.5.
For Problem 1, in Table 3 , it is observed that the left bound of errors at t = 0.5 obtained by the fuzzy GLM is competitive with the fuzzy RK for r = 0.2 , 0.9 , 1.0. At t = 1, the left bound errors from the fuzzy GLM is comparable with fuzzy RK when r = 0.1 , 0.7 , 0.8 , 0.9. However, for the rest of errors fuzzy GLM achieved better accuracy compared to fuzzy RK. Moreover, the errors for the right bound of fuzzy GLM at both t = 0.5 and t = 1 are found to be one decimal place better than the fuzzy RK method. Meanwhile, the results acquired by GLM are almost the same with the results acquired by VIM. In comparison between GLM and HPM, GLM clearly outperformed the HPM.
For Problem 2, in Table 4 , the fuzzy GLM is competitive with the fuzzy RK only when r = 0.4 and r = 0.5, though for the rest of r-levels the fuzzy GLM outperformed the fuzzy RK again by one decimal place better. For Problem 3, both types of differentiability are applied to solve this problem. In Table 5 by using type (i)-differentiability, there are some competitive results between the fuzzy GLM and fuzzy RK. However, in Table 6 by using type (ii)-differentiability, for almost all r-levels the fuzzy GLM gave more accurate results than the fuzzy RK.
Graphical illustrations of approximated solutions by fuzzy GLM in comparison with the exact solutions and 3D-plots of GLM for solving FVIDEs are presented in Figures 1, 3, 5 and 8 . The graphs shown that the GLM performed the accurate results. Moreover, in Figure 5b the approximate solutions of GLM based on type (ii)-differentiability showed smaller bound compared to the solutions based on type (i)-differentiability in Figure 5a . Considering that there exists a negative function in Problem 3, therefore the (ii)-differentiability approach is preferred. Graphs of comparison in terms of errors at t = 0.5 between fuzzy GLM and other methods are showed as well. The fuzzy GLM is seen competitive with the VIM in Figure 2 meanwhile from Figures 4, 6, and 7, the fuzzy GLM is the more accurate method than HPM and RK3.
In conclusion, the fuzzy GLM combined with Simpson's II method and Lagrange interpolation polynomials is an efficient numerical method for solving FVIDEs. 
